It is known that the total (co)-homoloy of a 2-step nilpotent Lie algebra g is at least 2 |z| , where z is the center of g. We improve this result by showing that a better lower bound is 2 t , where t = |z| + |v|+1 2 and v is a complement of z in g. Furthermore, we provide evidence that this is the best possible bound of the form 2 t .
Introduction
An outstanding conjecture, known as the Toral Rank Conjecture (TRC) claims that for any nilpotent Lie algebra g (over R or C) the total (co)-homology, with trivial coefficients, satisfies the inequality
where z = center (g).
The TRC is due to S. Halperin ([5] , 1987). In 1988, Deninger and Singhof [4] proved it for 2-step nilpotent Lie algebras. Besides this class, a few special cases have been added recently. For example, it was shown in [2] that the TRC holds for g if its center has dimension ≤ 5 or has codimension ≤ 7.
It turns out that, in general, 2 |z| is quite a lot smaller than |H * (g)|, especially when |z| is comparatively small compared to |g|.
In this short note we give a new lower bound for H * (g) , when g is a 2-step nilpotent Lie algebra, that involves both the dimension of the center of g and its codimension. Furthermore, by using existing calculations, we show that actually it is the best possible general lower bound of the form 2 t .
Precisely, we give a direct proof of the following Theorem. Let g be a 2-step nilpotent Lie algebra of finite dimension over R or C. Let v be any direct complement, as vector spaces, of z = center (g). Then, 1
] .
The proof of the Theorem
We will make use of the following combinatorial result.
Lemma. Let n be a positive integer. Then,
. Therefore,
from which the lemma follows.
Proof of the Theorem. The homology of g is the homology of the Koszul complex g, ∂ .
Therefore, it follows that the complex g, ∂ is the direct sum of an even and an odd subcomplex, precisely 2p v ⊗ z, ∂ and 2p+1 v ⊗ z, ∂ . Accordingly, the homology of the Koszul complex is the sum of the homologies of each of the even and odd subcomplexes.
It is well known that if C = (C i ), ∂ is a finite complex of finite dimensional vector spaces, then
By applying this to each of the even and odd subcomplexes we get that
Now the Theorem follows from the Lemma.
Remark. The bound obtained in the Theorem is the best possible, of the form 2 t (t an integer), that can be given in general. In fact, among the few available computations there are examples that support this claim. 
where b i = |H i (g 2 )|. Therefore, the total cohomology of g 2 is equal to 20 and our bound is 2 2+2 = 16. [6] . In [3] one can explicitly find that
Hence |H * (g)| = 60, while our bound is 2 3+2 = 32. 
